We consider a coupled mode system where the effective propagation constants of localized modes are amenable to modulation. Starting from an unmodulated system where power transfer is heavily suppressed, we demonstrate that small, periodic modulation of the propagation constants enhance power transfer using a slowly varying envelope approximation for the field mode amplitudes. We calculate an approximate modulation frequency enabling complete transfer between otherwise negligibly coupled elements. The ability to control these modulations by electrical or thermal effects allows for reconfigurable multiport switching. We use an array of coupled silica waveguides and the thermo-optic effect to test our predictions in the telecom C-band. However, realistic parameters require spatial frequency modulation in the order of 10 3 rad/m to produce total power transfer at spatial frequencies of the order 10 2 rad/m that are unrealistic for integrated photonic applications.
I. INTRODUCTION
Multiport switching is essential in both classical and quantum optics applications. It is useful to route optical signals in photonic devices and provides a technological platform for photon-based programmable quantum computers [1] [2] [3] . There is a variety of optical switches, including micro-electro-mechanical and complementary metal oxide semiconductor systems, relying on diverse physical effects [4] . We are interested on devices exploiting the similarity between paraxial light propagation in arrays of coupled waveguides and time evolution of finite dimensional quantum mechanical systems. Approaches include those relying on the modulation of coupling strength while keeping the refractive indices constant.
This produces optical analogues, for example, of stimulated Raman adiabatic passage (STI-RAP) [5] [6] [7] , where the coupling strength modulation occurs along the propagation direction, or optical realizations of J x Hamiltonians [8] , where the modulation is constant along the propagation direction but varies from waveguide to waveguide. Other approaches vary the effective refractive indices of individual waveguides while keeping the coupling constant.
This produces optical analogues of Anderson localization of light [9] [10] [11] [12] [13] , where the refractive index of individual waveguides varies randomly, or parity-time symmetry [14] [15] [16] [17] , where the refractive indices include gain or loss following a certain structure. Other approaches vary both the coupling and refractive indices [18] [19] [20] [21] .
Here, we are interested on a configuration that belongs to the latter approach. We start from an array of coupled waveguides where power transfer is minimal due to high refractive index difference between individual waveguides. We will show that resonant harmonic modulation of the refractive indices can induce optical switching that depends on the frequency and amplitude of the modulation. Controlled changes of the refractive index can be induced by electro- [22, 23] or thermo-optic [24] effects, for example. The former has applications in building modulators [25] . The latter is widely used to produce controlled phase shifts in directional couplers in quantum photonic circuits [1] [2] [3] . Electro-and thermo-optic modulation produce small refractive index changes of the order of 10 −10 per volt/meter [22, 23] and 10 −5 per kelvin [24] , in that order. For such small variations of the refractive index, power transfer, or switching, occurs over long propagation distances. The level of control and the long propagation distances required to produce reconfigurable multiport switching might render our proposal unfeasible for integrated photonic devices. However, we hope that theoretical curiosity and its inherent first principles validity for systems described by coupled mode theory, either in space propagation or time evolution, are enough to motivate the exploration of such an avenue in, for example, microring [26] or terahertz [27] resonators, microwave cavities [28] [29] [30] , radio frequency antenna [31] , or RLC circuits [32] .
In the following, first, we present the theoretical model describing an array of waveguides with different refractive indices that strongly limit the power transfer produced by evanescent coupling. Then, we add small, controllable, periodic changes on the refractive index of the waveguides and show that the amplitude and frequency of these changes produce resonant power transfer between the waveguides. We show that it is possible to analytically approximate this power transfer using a slowly varying envelope approximation over long propagation distances. Finally, we discuss the implications and requirements of our proposal.
II. MODEL
Coupled mode theory provides a tractable framework to study light propagation along some spatial or temporal dimension ζ [33] [34] [35] [36] ; for example, evanescently coupled arrays of waveguides or ring microresonators, in that order. The coupled mode equation,
describes the dynamics of polarized modes localized within the d elements of the array. The field in the j-th element is E j (x, y, ζ) =ˆ ψ(x, y) E j (ζ). There,ˆ gives the polarization and ψ(x, y) gives the spatial mode profile. The d-dimensional vector E(ζ) collects the modal amplitudes E j (ζ). The coupled mode matrix M(ζ) diagonal and off-diagonal elements contain the effective propagation constants corresponding to each element-localized mode and the coupling between pairs of them, in that order. They may depend on the variable ζ or not.
In order to provide multiport switching, we choose an array given in terms of a finite dimensional representation of the angular momentum operators, {Ĵ x ,Ĵ y ,Ĵ z } [18] [19] [20] ,
where the propagation constant β is common to all elements and the real parameter ∆β characterizes its variation due to the selected SU (2) symmetry. The propagation dependent function f (ζ) summarizes the effect of controlled, small, periodic variations of individual propagation constants due to changes in refractive indices, resonator lengths, etc, depending on the specific realization. The parameter g characterizes the couplings strength between nearest neighbor element-localized modes. It is possible to use Wei-Norman factorization to calculate the propagation of modal amplitudes under the dynamics provided by this coupled mode matrix [37, 38] . However, we chose an alternate path of frame transformations for better understanding of the system behavior. In the following, we obviate the baseline constant term β as it only induces an overall phase to the modal amplitudes vector.
The base system without periodic variations, f (ζ) = 0, constrains power transfer between elements due to the differences on individual effective propagation constants. We can diagonalize the unmodulated coupled mode matrix,
using a rotation of the following form [20] ,
in terms of a rotation angle,
The factor in the diagonal effective coupling matrix, defines an unmodulated device frequency,
such that an array of identical elements, ∆β = 0, produces complete power transfer between the l-th and the (d−l+1)-th elements at ζ = π/Ω [8] . Differences on the individual refractive indices, ∆β = 0, suppress power transfer [20] .
Under ζ-dependent modulation, this prescription no longer diagonalizes the coupled mode matrix,
However, we can move to a ζ-dependent frame defined by a rotation e iω Jz ζ to obtain an effective matrix,
where we used J x = (J + + J − ) /2. This suggests the use of harmonic modulation,
to induce fast and slow frequencies in the system,
Our system now includes five effective frequencies: δ ∆β/Ω, (Ω − ω), δ g/(2Ω), ω and 2ω.
Control of the individual propagation constants by electro-or thermo-optic effects usually provides a small amplitude modulation parameter compared to the coupling strength and propagation constant difference, δ < g and δ < ∆β. In consequence, it is smaller than the unmodulated device frequency δ Ω. This leads to the following fact. Unless we choose a modulation frequency close to the unmodulated device frequency, ω ∼ Ω, the first and third terms on the right hand of Eq. (10) may become irrelevant. Furthermore, we can set them to be similar δ ∆β/Ω ∼ (Ω − ω) ∼ δ g/(2Ω), leading to an ordered relation δ ∆β/Ω ∼ (Ω − ω) ∼ δ g/(2Ω) ω < 2ω. This suggests using a rotating wave approximation (RWA) to neglect fast oscillating terms,
and realize that we can diagonalize this effective coupled mode matrix by using a rotation
where the rotation angle φ fulfills the relation,
This leads to an effective diagonal coupled mode matrix with a device frequency,
slower than the frequencies of unmodulated device Ω and the thermal-or electro-optic modulation ω. The modulated device provides complete power transfer between the l-th and the (d − l + 1)-th waveguides for modulation frequency equal to the unmodulated device frequency, ω = Ω, at the approximate value ζ = Ω π/(δ g).
The rotating wave approximation, made by neglecting the fast oscillating terms with frequencies ω and 2ω, is equivalent to calculating the dynamics under a slowly varying envelope approximation (SVEA) of the modal field amplitude vector. This can be seen in the solution for the modal amplitudes vector,
where the initial state of the system is E(0). It is straightforward to identify the ζ-dependent terms responsible for the slowly varying envelope e ±iΩ S Jz ζ and the fast modulation e ±iω Jz ζ behaviors.
III. TELECOM C-BAND EXAMPLE
Let us consider a realization for telecom C-band, λ = 1 550 nm, using cylindrical fused silica waveguides. Since all waveguides must have different refractive indices, we use core refractive indices in the range [1.445 95, 1.447 90] and a cladding index of 1.444 00 consistent with laser writing experiments [39] . We choose a core radius of 4.5 µm to support a single LP 01 mode in each waveguide. For a realization with d waveguides, the data above determines β and ∆β, fixing the localized single mode propagation constants for each waveguide.
The corresponding individual core refractive indices can be numerically calculated from these. The next step is to find a reference value for the coupling parameter g. Doing so fixes the couplings between pairs of neighboring waveguides. The corresponding waveguide separations can be numerically extracted from this.
Let us start with the simplest case, two waveguides described by the parameter set {β, ∆β, g} = {5.857 32 × 10 6 , 4 872.24, 974.447} rad/m. The corresponding center-to-center core separation is 11.02 µm. We will assume thermo-optic effect as the drive behind periodic core refractive index modulation. Silica first-order thermo-optic coefficient 1.090 × 10 −5 K −1 and temperature contrast of the order of 5 K between the cooler and the hotter parts of the waveguides yields an amplitude of the propagation constant modulation of the order δ = 97.444 7 rad/m. Figure 1(a) displays the suppressed power-transfer between the two waveguides with no refractive index modulation. Figure 1 Increasing the number of waveguides in the array allows for reconfigurable switching between more ports. As an example, we focus on the three waveguide case yielding a parameter 
IV. CONCLUSIONS
We demonstrated reconfigurable power transfer in nearest neighbor coupled mode systems by using periodic modulation of the effective propagation constant of the localized modes.
In our proposal, an unmodulated system, where power transfer is heavily suppressed due to differences between the localized mode propagation constants, can show near complete power transfer if we introduce harmonic modulation with the correct frequency. We provide an approximate effective power transfer frequency using the equivalent of a slowly varying envelope approximation for the modal field amplitudes.
As a practical example, we work with fused silica waveguides and their first-order thermooptic response in the telecom C-band. Here, the modulation amplitudes are small and the distances for power transfer become large, of the order of tens of centimeters. While proving the first principles validity of our proposal, this may not be feasible for photonic integrated devices. However, our results are valid for coupled mode systems, propagating in space or time, where the equivalent of localized propagation constants can be modulated in a
